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Abstract. We define a rank variety for a module of a noncocomniutative Hopf 
algebra A = A x G where A = k[Xi, . . . , XJ^/{X[, . . . , AT^), G = (Z/ffl)™, and 
char k does not divide in terms of certain subalgebras of A playing the role of 
"cyclic shifted subgroups" . We show that the rank variety of a finitely generated 
module M is homeomorphic to the support variety of M defined in terms of the 

■ action of the cohomology algebra of A. As an application we derive a theory 
of rank varieties for the algebra A. When £ = 2, rank varieties for A-modules 

• ' were constructed by Erdmann and HoUoway using the representation theory of 

I the Clifford algebra. We show that the rank varieties we obtain for A-modules 

■ coincide with those of Erdmann and HoUoway. 



^ ■ 1. Introduction 

0\ '. 

O . The theory of varieties for modules of a finite group G began with the ground- 

I breaking work of Quillen [26] , a stratification of the maximal ideal spectrum of the 

2 ■ cohomology ring of G into pieces indexed by elementary abelian subgroups. This 

\0 ■ idea was taken further by Avrunin and Scott [1], to a stratification of an affine 

variety associated to any finitely generated module. These results depended on 
I earlier work of Venkov [32] and Evens [15], showing that the cohomology of G, a 

' graded commutative ring, is finitely generated. 

The theory took a different twist with the introduction by Carlson [8] of the 
^ ! rank variety for a module of an elementary abelian group E. The rank variety 

I is yet another geometric invariant of a module, and is defined in terms of cyclic 



^ • shifted subgroups of E. Carlson conjectured that the variety arising from the action 

of cohomology, and the rank variety defined purely in terms of representation- 
theoretic properties of a module, coincide. The conjecture was proven by Avrunin 
and Scott [1]. 

This theory was adapted to restricted Lie algebras by Friedlander and Parshall 
[16]. It was then further generalized to other finite group schemes (see [17, 30, 31]) 
based upon the fundamental theorem of Friedlander and Suslin stating that the 
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2 JULIA PEVTSOVA AND SARAH WITHERSPOON 

cohomology of any finite group scheme, or equivalently finite dimensional cocom- 
mutative Hopf algebra, is finitely generated [19] . In particular, the notion of rank 
variety was recently generalized to all finite group schemes by Friedlandcr and the 
first author [17]. One important aspect of the rank variety in the context of finite 
group schemes is that it satisfies the ultimate generalization of the Avrunin-Scott 
Theorem: The rank variety of a module defined in a purely representation-theoretic 
way is homeomorphic to the support variety defined coliomologically. The inter- 
play between the two seemingly very different descriptions of the variety of a 
module allows for applications both in cohomology and in representation theory. 

Much less is known in the context of finite dimensional noncocommutative Hopf 
algebras. Ginzburg and Kumar computed the cohomology rings of quantum groups 
at roots of unity, and these happen to be finitely generated [20]. This fact allowed 
mathematicians to start development of the theory of support varieties for modules 
of these small quantum groups (see [25], [27]). However it appears difficult to 
give an equivalent representation-theoretic definition of variety for these quantum 
groups in general. Even less has been done for other types of finite dimensional 
noncocommutative Hopf algebras, and in particular it is an open question as to 
whether their cohomology is finitely generated. 

In this paper, we have very modest goals. We only consider Hopf algebras 
that are quantum analogues of elementary abelian groups, namely tensor products 
of Taft algebras (which arc also Borel subalgebras of Uq{sl2"^)). We define the 
rank variety of a module for such a Hopf algebra (Definition 3.2), giving the first 
definition of rank varieties for modules of a noncocommutative Hopf algebra. The 
cohomology of a tensor product of Taft algebras is finitely generated, so we may 
also associate a support variety, defined cohomologically, to any module (4.2.1). 
We show that the rank variety of any finitely generated module is homeomorphic 
to the support variety (Theorem 5.6), thus providing an analogue of the Avrunin- 
Scott Theorem in our context. We use "Carlson's modules" L/^ as our main tool 
and apply the techniques developed in [13] and [14] in the study of support varieties 
defined via Hochschild cohomology. We expect that our results will shed light on 
the problem of constructing a rank variety for a broader class of finite dimensional 
Hopf algebras, including the small quantum groups. 

One of the most important applications of the identification of the rank and 
support varieties in the setting of finite group schemes is the proof of the "tensor 
product property" which expresses the variety of a tensor product as the inter- 
section of varieties (see [1], [16], [17], [31]). Another common application is a 
classification of thick tensor ideal subcategories in the stable module category (see 
[6], [18]). Both of these applications will be addressed in a sequel to this paper. 

Our results have consequences beyond Hopf algebras. A tensor product of 
Taft algebras is isomorphic to a skew group algebra A = A yi G where the 
group G = (Z/^Z)™ is elementary abelian (in nondefining characteristic) and 
A = k[Xi, . . . , Xjn]/ . . . , X^). When i — 2, that is the generators of A have 
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square 0, Erdmann and HoUoway have used Hochschild cohomology to define sup- 
port varieties for A- modules [13], applying a theory of varieties for modules of al- 
gebras initiated by Snashall and Solbcrg [29]. The support variety of a A- module 
in this case is equivalent to a rank variety defined represcntation-theoretically by 
Erdmann and HoUoway. Their approach is quite different from ours: They use 
a "stable map description" of the rank variety and representation theory of the 
Clifford algebra. In this paper we use the extension of A to A to give defini- 
tions of support and rank varieties for A-modules more generally (see (6.0.1) and 
(6.5.1)), that is for any £ not divisible by the characteristic of the field k, and to 
show that the varieties we obtain are homeomorphic (Corollary 6.7). In case the 
generators of A have square 0, our varieties coincide with those of Erdmann and 
HoUoway, giving an alternative approach to their theory. In order to make this 
connection, we found it necessary to record some basic facts relating cohomology 
and Hochschild cohomology of finite dimensional Hopf algebras in an appendix. 

When this article was nearly complete, the authors learned that Benson, Erd- 
mann, and HoUoway had found a different way to define rank varieties for A- 
modules for arbitrary i, involving an algebra extension of A that is a tensor prod- 
uct of A with a twisted group algebra of G [7] . Their algebra extension has some 
features in common with ours, leading to a parallel theory. We thank Benson, 
Erdmann, and HoUoway for some very helpful conversations. 

We thank Ecole Polytechnique Federale de Lausanne and Universitat Miinchen 
for their hospitality during the preparation of this paper. 

Throughout this paper, k will denote an algebraically closed field containing a 
primitive ith root of unity q. All tensor products and dimensions will be over k 
unless otherwise indicated. We shall use the notation V* for the /c-linear dual of 
a finite dimensional vector space V. 

2. Quantum analogues of cyclic shifted subgroups 

Let m be a positive integer and let G denote the group (Z/£Z)"^ with generators 
9it ■ ■ i9m- Define an action of G by automorphisms on the polynomial ring R — 
k[Xi,.. .,X^] by setting 

■ X, = q'-X, 

for all where Sij is the Kronecker delta. Let A — R xi G, the skew group 
algebra, that is A is a free left i?-module having i?-basis G, with the semidirect 
(or smash) product multiplication 

{rg){sh) = r{g ■ s)gh 

for all r,sER and g,h E G. Then A is a Hopf algebra with 

A{Xi) ^Xi^l + gi^Xi, A{gi) ^g^^ g^, 
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e{Xi) = 0, e{gi) = 1, S{Xi) = -g^^Xi, and S{gi) = g^^, for all t. Letting hi = 1 
and hj = YliZl 9% (2 < J < we have 

(2.0.1) Xjhj ■ Xihi = qXihi ■ X.jh.j for all j > i. 

The following consequence of this g-commutativity of the elements Xihi will be 
most essential in what follows. 

i=i / i=i 

Proof. This is a consequence of the ^-binomial formula which in this context gives, 
for all n < £ and j > i, 

{XiXihi + XjXjhj)'" = ^ ^ {XiXihiy{XjXjhjy ^, 

s=o ^ '1' 

where (s), = 1 + g + g2 + . . . + qs-i ^ (5)^1 = (5)^(5 - 1)^ . . . (1)^, and (0),! = 1 by 
definition, li n = i, the coefficients of XfX- and XjXj should be interpreted to be 
1. As g is a primitive ith root of 1, induction on m yields the desired result. □ 

Another application of the g-binomial formula, to A{X^) = [Xi ® 1 + gfj (8) XiY, 
shows that the ideal (Xf , . . . , X^) is a Hopf ideal. Thus 

A = A/{Xl...,X'J 

is a Hopf algebra of dimension i"^"^, a tensor product of m copies of a Taft algebra, 
a quantum analogue of an elementary abelian group. We may identify A with the 
skew group algebra A >^ G where 

A^k[Xi,...,Xm]/{Xi,...,X'j, 

a truncated polynomial algebra. We will primarily be interested in the finite 
dimensional Hopf algebra A in this paper, but will need to use A as well in some 
of the proofs. Note that since A is a finite dimensional Hopf algebra, it is a 
Frobenius algebra [24, Thm. 2.1.3], and in particular is self-injective. 

We now introduce algebra maps ta which will play the role of "cyclic shifted 
subgroups" (see [3, II]) or ]9-points ([17]) for the algebra A. By Lemma 2.1, for 
each point A = [Ai : . . . : A^j in /c-projective space P"*"^, there is an embedding of 
algebras 

(2.1.1) r, : k[t]/{t') ^ A 

defined by rx{t) — Yl^i XiXihi. Denote the image of tx by k{Tx{t)). 

Lemma 2.2. Let A = [Ai : . . . : X^] e P"*~^. Then A is free as a left (respectively, 
right) k{Tx{t)) -module, with k{Tx{t)) -basis 

B = ■■■X^g\^...g'-\Q<aiM<^-l} 
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in case Ai 7^ 0. Analogous statements hold z/Aj 7^ for other values of i. 

Proof. The statement that A is free over k{T\{t)) follows from a general result of 
Masuoka on coideal subalgebras [23]. We shall use the explicit basis B however, 
and so we provide a proof for completeness. We shall prove that B is a free k{Tx{t))- 
basis of A as a left k{T)St))-m.odu\e. That it is also a basis of A as a right module 
is proved similarly. 

We may assume that Ai = 1. Since the number of elements in B is £2"^^^ — 
dimfc A/ dimfc k(T\{t)), it suffices to show that A — k{Tx{t))B. 

We use induction on oi to show that X^^ ■ ■ ■ X^gl^ ■ ■ ■ e k{Tx{t))B for any 
choice of exponents < a^, fej < I — 1. The statement is trivial for ai = 0. 
Assume it is proved for all monomials with ai < n < £ — 1. It remains to show 
that XI' X^"" ■ ■■X'^g^^ ■ ■ ■ g^^ e k{Tx{t))B. The defining relations on Xi and gj, 
together with the definition of T\(t) given above (2.1.1), immediately imply that 

x^xr ■ ■ ■ x'^-g\^ ...g'-- T^mr^n' ■ ■ ■ x^^gl' ■■■9"^ 

is a sum of monomials X"^ ■ ■ ■ X'i^g^ ■ ■ ■ g^ for some exponents a^, 6^ with a'^ < n. 
The statement follows by induction. □ 

To every point A in /c-projective space P"*~^ we associate two special left A- 
modules: V{X) and l^'(A), which will be used extensively throughout the paper. 
We point out that our modules are different from those used in [12], [13] even 
though we choose to use similar names for them. As will be shown in Corollary 5.7, 
they share one of the main properties with the modules introduced in [12]: The 
rank variety of each of V{X) and T^'(A) will be the point A e P"*~^. 

For each A G P'"-\ let 

^(A) = A ■ rxitf'^ and V^'(A) = A ■ Tx{t), 

that is V^(A) (respectively, V'{X)) is the left ideal generated by Tx{tY~^ (respec- 
tively, rx{t)). 

Recall that for an A-module M, the Heller shift of M, denoted Q(M), is the 
kernel of the projection P{M) M where P{M) is the projective cover of M. 
Similarly, Q~^{M) is the cokernel of the embedding of M into its injective hull. 

Lemma 2.3. For each A G P'"-! we have: 

(i) nA) = A;T^^^^(,)^=A0,^,,(,)) k. 

(ii) The restriction V{X) ik{Tx{t)) contains the trivial module as a direct sum- 
mand. In particular, V{X) is not projective as a k{Tx{t)) -module. 

(in) dimfc V{\) = f^m-i^ ^j^^ y/^^ = (^ - 1)^""'^ and there is a short exact 
sequence of A-modules — > V'{X) — ^ A 1^(A) — > 0. 
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(iv) ■ ■ • > A > A > A > y \A) ^ ^ 

is a minimal projective resolution ofV{X), and 

is a minimal injective resolution of V{X). This remains true if V{X) is 
replaced by V^'(A), with appropriate changes in the powers of T\{t). 

(v) n{V{\)) ^ V'{X) and n{V'{X)) ^ V{X). 

Proof, (i) Define a map (p : A x k ^ V(A) = Arx{tY^^ by (p{a,c) = carxitY^^ 
for all a e ^4, c e /c, a A;-bilinear map that commutes with left multiplication by 
elements of A. Note that (j){aT\{t) , c) = = (f){a,Tx(t) ■ c), the latter equality due 
to the trivial action of k{Tx{t)) on k. Thus induces an A-map from the tensor 
product A (E)k{Tx{t)) k to V^(A). One readily checks that this map gives a bijcction 
between the /c-bases ^B® 1 of A®fc(T-A(t)> ^ and Brx^itY"^ of V{X) where B is defined 
in Lemma 2.2. 

(ii) The trivial A;(rA(t))-submodule 1 (8) of A<Sik{Tx{t)} k is complemented by the 
fc-linear span of {B — {1}) <^k{Txit)) k. 

(iii) By the proof of (i) above, B is in bijcction with a A;-basis of V^(A), so 
dimfc1/(A) = Similarly, a A;-basis of V'{\) is U^~Ji3rA(t)\ of cardinality 
(£ — The map i : V'{X) — > A in the statement of the lemma is inclusion, 
and the map tt : A — > F(A) is given by 7r(a) = a 1 e A®k{Tx{t)) k = ^(A). Again 
by considering bases of each of these modules, the sequence given in the lemma is 
seen to be exact. 

(iv) Note that the Jacobson radical of A is rad(A) = A ■ rad(A), the ideal 
generated by Xi, . . . ,Xm- The first resolution is minimal as A/ rad(74) = kG = 
V{X)/ rad(V(A)) as A-modules. For minimality of the second resolution, note that 
the socle of A, soc(A), is the /c-linear span of all Xl~^ ■ ■ -X^^g^^ ■ ■ ■ g^, where 
< 6i < ^ — 1. We claim that in the notation of Lemma 2.2, the socle of V"(A) has 
a basis in one-to-one correspondence with the subset 

{Xi-'---X'-'g\^---g'-\Q<h,<l-l} 

of B. Clearly X2, . . . , X.^ act trivially on all elements ■ ■ ■ X''^~^g\^ ■ ■ ■ g'^ 1 
(in the notation of part (i) of this lemma). We will check that Xi also acts trivially: 

m 

X.Xt' . --X'-^gX- . .-g'-m = q-'^Xf ■ --X'-^gX' ■ ■ ■ gt{rx{t)-J2>^^^^h,)m 

1=2 

= 0. 

It follows that soc(y(A)) ^ kG ^ soc{A) as ^-modules. 

(v) This follows immediately from (iv). □ 
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We are also interested in simple A-modules. The quotient Aj rad(yl) = kG 
is a commutative semisimple algebra. Thus the simple ^-modules are all one- 
dimensional, and correspond to the irreducible characters of G, with A acting 
trivially. 

We shall use the notation Hom to denote morphisms in the stable module cat- 
egory. In other words, 

Hom 4 CM, N) = HomA(M, N) / PHomA(M, N) 

where PHom^(M, A^) is the set of all A-homomorphisms f : M ^ N which factor 
through a projective A-module. Recall that 

Ext^M, N) = Hom^(l]"(M), A^) = Hom^(M, Vl-'\N)), 

where il" (respectively, fl~"-) is the composition of n copies of fl (respectively, 
Q~^). The following lemma will be needed in Section 5. 

Lemma 2.4. Let S be a simple A-rnodule. Then Ext'^{S,V{\)) ^ for each n, 
X, and the restriction map : Ext^(S', V^(A)) Ext''^^^yf^^t^{S, V^(A)) is injective. 

Proof. Since A is free as a k(rA(t))-modulc by Lemma 2.2, an A-injcctive resolution 
of V"(A) restricts to a k(rA(t))-injective resolution. It follows that ^^k<"^(t)|(V^(A)) 

is isomorphic to ^a"'{V{X)) in the stable module category, that is up to projective 
direct summands. Thus 

Ext;:^,^(,)^(^, V{X)) - Hom,^,^(,)^(5, n--,^^,^^{V{X)) = Hom,^,^(,)^(5, ^/(^(A)). 

As A is self-injective, Q and are inverse operators up to projective direct 
summands, so by Lemma 2.3(v), l^^"(y(A)) = V'{X) if n is odd, and n^''{V{X)) = 
V{X) if n is even. Assume without loss of generahty that Ai = 1. Since soc(y(A)) = 
kGX2~^ ■ ■ ■ (8) 1 as a submodule of V(X) = k ^k{Tx(t)) proof of Lemma 

2.3(iv)), there is a unique (up to scalar) nonzero A-homomorphism / from S to 
V{X), sending S to kesX2~^ ■ ■ ■ X^~^ CS> 1 C soc(V(A)) where eg is the primitive 
central idcmpotcnt of kG corresponding to S. This does not factor through a 

projective A-module: If it did, it would factor through A — > V{X) since A 
surjects onto V{X). The image of 5" in A must be contained in the socle of A, 
however the map •r^(t)^~-'^ sends soc(74) to 0. Therefore this map represents an 
A-homomorphism from S to ^(A) that is nonzero in Hom 4 (5*, V^(A)). A similar 
argument applies to V^'(A), proving that Ext^(S', V^(A)) ^ for each n. 

Next we show that the image of the map / above, under restriction r^, remains 
nonzero in Hom ^/^.^^^^^, (5*, V{X)). Again, if it does not, then f : S ^ V{X) factors 

as a k(TA(t))-map through A — > ^(A). The image of 5 in yl must be a one- 
dimensional /c(rA(t))-submodule, spanned by an element a e A for which T\{t)a — 
0. Since / sends a generator of to a non-zero element in /cegX^"^ • • • X^^ (8) 1 C 
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socV{X), we get that arxity-^ G k^'esXt^ ■ ■ ■ X^^Txity-^ = k^'esXl-^ ■ ■ ■ X^^ 
under the identification of V{X) with Spa,n^{BTx{tY~^) C A in the notation of 
Lemma 2.2. By Lemma 7.4 of the appendix, this cannot happen. Hence, / does 

not factor through A > ^(A)- A similar argument applies in odd degrees, 

involving V'{X). □ 



Define an action of G on projective space P"* ^ by 
(2.4.1) . . . • [Ai : • • • : A^] = [q'^X, : • • • : ?«-A^]. 

Lemma 2.5. Let M be a finitely generated A-module. 

(i) Hom^(y(A), M) = if, and only if, the restriction M Ik^^rxit)) is projective 

as a k{rx{t)) -module. 

(ii) For each g e G, M ik(Tx{t)) projective if, and only if, M ik{Tg.x{t)) is 
projective. 

Proof. Lemma 2.3(i) together with the Eckmann- Shapiro Lemma implies the iso- 
morphism 

HomA(V^(A), M) = Hom^(A; t^(.,(,)), M) = Hom,^,^(,)^ (A;, M). 

This proves (i) since Hom ^./^^ (^-)\(/c, M) = if, and only if, M ik{Tx(t)) is projective. 
For (ii), note that Tg.xit) = g ■ Tx(t). Since g defines an inner automorphism of A, 
we now have V{g - A) = g ■ V{X) = V{X). Thus the statement follows from (i). □ 

3. Rank varieties 

In this section we define rank varieties for A-modules in the spirit of [8]. The 
subalgebras k{Tx(t)), defined in the text following (2.1.1), will play the role of 
cyclic shifted subgroups of A. 

Lemma 3.1. Let M be a finitely generated A-module. The subset of projective 
space P"*~-^, consisting of all points X such that M ik(Txit)) is not projective, is 
closed in the Zariski topology. 

Proof. Let n — dimM and S{X) G Mn{k) a matrix representing the action of Tx{t) 
on M. Then M is projective (equivalently, free) as a A;(TA(t))-module if and only 

if the Jordan form of S{X) has n/l blocks of size C. That is S{X) has the maximal 
possible rank for an £-nilpotcnt matrix, n — njl. The subset of P^""^, 

{A e P"*"^ I T)St) does not have rank n - n/d}, 

is described by the equations produced by the minors of 5* (A) of size {n — n/€) x 
(n — n/t). All these minors must be 0, and they give homogeneous polynomial 
equations in the coefficients Aj of Xj/ij. Thus this subset is defined by a set of 
homogeneous polynomials and is therefore closed. □ 
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The action of G by automorphisms on the polynomial algebra k[Xi, . . . jX^], 
defined by gi ■ Xj — q^'-^Xj, is free and is easily seen to have the invariants 

k[Xi, . . . , Xm]^ = k[Xf^, . . . , X^] = k[Xi, . . . , Xm]- 

Thus, A'^/G = Spec . . .,X^f = A™, where A™ is the affine space k"" (see 
for example [21, 1.5.5(6)] for the first equality). Since the action of G commutes 
with the standard action of k* on A™, and the induced action on P™--! = A'^/k* 
is the action defined as in (2.4.1), wc have P™'~^/G = p™-^!. Furthermore, Lemma 
2.5(ii) implies that the set {A G P™~^ | M ik(Tx(t)) is not projective} is stable 
under the action of G. Thus, we can make the following definition. 

Definition 3.2. The rank variety of an A-module M is 

VX{M) = {A e P'"-^ I M ik(r,{t)) is not projectivej/G. 

We will sometimes abuse notation and write A G V]^{M) when wc mean that A is 
a representative of a G-orbit in VX{M). Note that Lemma 3.1 ensures VX{M) is a 
projective variety for any finitely generated A-module M. The following properties 
of these varieties are immediate. 

Proposition 3.3. Let M, N, M^, M2, be A-modules. 

(i) VX{k) = ¥^-^/G ^ P"*-^ 

(ii) VX{M ®N)^ VXiM) U VXiN). 

(iii) v{{n'{M)) = VX{M) for alii. 

(iv) If ^ Ml — i> M2 M3 is a short exact sequence of A-modules, then 
VX{M,) C VX{M,) U Vl(Mfc) for any {z,j,k} = {1,2,3}. 

We will denote VX{k) by V^. 

The rank variety characterizes projectivity of modules by the following lemma, a 
version of Dade's Lemma for finite group representations [11]. We thank K. Erd- 
mann and D. Benson for suggesting to us that the proof of a generalization of 
Dade's Lemma in [5] should apply almost verbatim in our setting. For complete- 
ness, we give our adaptation of the proof in [5] here (cf. [7, Thm. 2.6]). 

Theorem 3.4. Let M be a finitely generated A-module. Then Vj^{M) = if, and 
only if, M is a projective A-module. 

Proof. If M is projective, then M ik(Tx{t)) is projective for all A by Lemma 2.2, so 
VXiM) = 0. 

For the converse, we argue by induction on ni. Let Kj = Xihi (2 = 1, . . . ,m), 
where hi is defined in the text preceding (2.0.1). Let = k{Yi, . . . , Ym) and note 
that M is projective if and only if M |a;„ is projective: We may write A = xi G. 
If M J,A^ is projective, any surjective A-map from another 74-module N onto 
M splits on restriction to A'^. The splitting map may be averaged by applying 
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j^'^g^cd obtain an A-map, as the characteristic of k does not divide \G\. If 
m = 1, this immediately imphes that M is projective if, and only if, V^(M) = 0. 

Let m = 2 and assume V]^{M) = but that M is not projective. Wc will show 
that M is forced to be 0. The Jacobson radical of A is J = {Yi,Y2), the ideal 
generated by 11,12- Let 

N ^ {ue M\Ju C J^-^M}. 
Let Y — XiYi + X2Y2 — rx{t). We will first show that the map induced by Y: 

is an isomorphism for any pair (Ai, A2) where A2 7^ 0. We will need the observation 
that yj^-i = J^ which follows from Y^^-'Y^ e YJ^'^ for i e {1, 1} as 

may be proven by induction on i: li i = 1, then YY(^^ = \2q^~^Y(^^Y2, so 
r/-V2 e YJ^-\ If i > 2, then YY^-'Yt^ = X^Y^-'+^Yt^ + X2q^-%^~'Yl so 
Y^-'Y^ e by induction. 

Injectivity of -Y: Let v E N. Suppose Yv G J^M = FJ^^^M. Then there 
exists u G J^~^M such that Yv = Yu. Therefore, Y{v — u) = 0. Since M [^(y) is 
projective, we have v — u — Y^~^u' for some u' E M. Hence, v — u + Y^~^u' G 
J^~^M. In other words, v — E N/ J^~^M. We conclude that -Y is injective. 

Surjectivity of -Y: Wc may assume that M does not have projective summands. 
This imphes that soc(A:[ri, r2]/(y/, 1^2^)^ = Y^'^Y^'^M = 0. Now the relations 
on Yi, Y2 easily imply that 

(3.4.1) r^-^r/-^M = Y^-^Y^-^M = 0. 

To show surjectivity wc need to show that YN = J^~^M. Observe that J^~^ — 
kY(-^ + YJ^-^. Thus, J^-^M = Y(-^M + YJ^^^M. The definition of N imme- 
diately implies that J^-^M C A^. Therefore YJ^-'^M C YN. Hence, to show the 
inclusion Y(~^M + YJ^-'^M C YN, it suffices to show that Y(-^M C YN. 

Take any element of the form Y(~^u, uEM.By (3.4.1), Y^-'^Y(-^u = 0. Since 
M ik{Y) is projective, there is an element u' E M such that 

(3.4.2) Y(-^u = yii'. 

Multiplying both sides by Fi, we get Y^Yu' = 0. Thus, l"i(AiYi + A21"2)m' = 0. 
Using the relation y2li = ?lil2, we get (AiFi + q^^X2Y2)Yiu' = 0. Applying our 
projectivity hypothesis to the restriction of M to k{XiYi + g~^A2l2), there is a 
u" E M for which 

(3.4.3) YW = (AiFi + qX2Y2Y-^u". 
Combining (3.4.2) and (3.4.3), we get 

Yu' E J^-^M, Yiu' E f-^M. 
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Since X2 ^ 0, Y and Yi generate J. Thus, Ju' C ^M, so that m' G iV by 
definition. By (3.4.2) it follows that Y^~^M C YN, as was needed. 

Thus, we obtain that for any non-zero pair (Ai, A2), the map 

•(AiFi + X2Y2) : N/f-^M f-^M/fM 

is an isomorphism. Assume J^~^M/ J^M ^ 0. Use the isomorphism ■Y2 to identify 
N/J^^^M with J^~^M/ J^M, so that we may consider the maps -(Aiyi + \2Y2) 
to be cndomorphisms of J^~^M / J^M . Taking A2 = 1, the determinant of the 
operator -(AiFi + Y2) is a polynomial in Ai and thus there is a value of Ai for 
which the operator is not invertible, a contradiction. Thus J^~^M/ J^M — 0, and 
Nakayama's Lemma imphes that J^~^M = 0. In particular, Y^'^M = 0. At the 
same time, M restricted to k{Y2) is projective. Therefore M — 0, completing the 
proof in the case m = 2. 

Now suppose m > 3 and V^(M) = 0. We will show that M is projective, 
where A'„^ = k{Yi, . . . , Y^). As noted at the beginning of the proof, this will imply 
M is projective. 

We have a short exact sequence of algebras (in the sense of [10, XVI §6]): 

Therefore there is a spectral sequence 

K,iA'^_„ R,{k{Yrn),M)) ^ Hp+,(A:„, M). 

By our assumption, M lk{Y,n) is projective. Thus the spectral sequence collapses 
at E"^ and we get an isomorphism 

Hp(A:„_„ M/y„M) ^ H,(A:„, M). 

Therefore, to finish the proof it suffices to check that M/YmM is projective as a 
A^_]^-module. 

Write A' = [Ai : ■ ■ ■ : A^_i] E P"*-^ and let r'(A') = AiFi + ■ • • + Xm-iYm-i- 
Consider the subalgebra B C A^ generated by t'(A') and Y„i. Any element of 
B of the form /iir'(A') + /i2^m is of the form r(A) for the algebra A^. Thus, 
M ik{niT'{x')+^2Yrr.) is projective for any pair (/xi,/i2)- Since r'(A') and Y^ q- 
commute, the argument for m = 2 applies to B. We conclude that M is projective 
as a B-module. Therefore, M/YmM is projective as B /YmB-modu\e. In other 
words, M/YmM J,fc(T'(A')) i^ projective. By the induction hypothesis, M/YmM is 
projective as a A^_j^-module. Thus, Hp(A^, M) = for allp > 0. Since the trivial 
module is the only simple module for the local algebra A'^, we conclude that M 
is projective as a A^-module. Therefore, M is projective as an ^-module. □ 
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4. Support varieties 



In this section we introduce cohomological support varieties for A-modules. The 
proofs of their properties are standard and will be omitted when they are identical 
to those existing in the literature. 

The cohomology of the quantum elementary abelian group A is 



as a graded algebra, where deg(yi) = 2. Indeed, let Ai — {k[t\/{t^)) xZ/^Z, the 
algebra A in the case m — 1. The periodic k[t\/{t^)-iicee resolution of k, 



(4.0.5) • • • ^ k[t]/{t') k[t\/{t') k[t]/{t') k[t\/{t') ^ k ^ 0, 



becomes an Ai-projective resolution by giving k[t]/{t^) the standard Z/£Z-action 
g • f — qH^ in even degrees and the shifted Z/£Z-action g ■ f = q^^H^ in odd 
degrees, where g in a. generator of Z/£Z. The resolution yields H*(Ai,A;) = k[y\. 
The general case is obtained by applying the Kiinneth formula. 

Recall that H*(^, M) = Ext^(A;, M) is an H*(^, A;)-module under Yoneda com- 
position, for any A-module M. To proceed with our geometric constructions, we 
will need to establish finite generation of H*(74, M) over H*(74, k) whenever M is 
finitely generated. 

Lemma 4.1. Let M he a finitely generated A-module. Then H*(A, M) is finitely 
generated as an Yi* {A, k) -module. 

Proof. Since M is finitely generated, we can argue by induction on the length 
of its composition scries. Hence, it suffices to prove the lemma for simple A- 
modulcs. Let S be such a module. The spectral sequence in cohomology arising 
from the sequence of augmented algebras (see, for example, [10, XVI §6]) A — > ^4 ^ 
kG yields the isomorphism }1\A,S) = H*(A,,5)^. Let R = H*(A,A;), a finitely 
generated G-algebra. Since any simple ^-module becomes trivial when restricted 
to A, we conclude that H*(A, 5*) is a rank 1 free i?-module with a compatible 
action of G. Since H*(/l, fc) = H*(A, A;)'^ = , it remains to see that H*(A,5')'^ 
is finitely generated over R^ . As the characteristic of k does not divide the order 
of G, this is a consequence of the Noether Theorem stating that the Noetherian 
/c-algebra R is finitely generated over i?*^ (see, for example, [4, 1.3.1]). □ 

Remark 4.2. We can compute H*(A, S) explicitly when S is simple, yielding more 
insight in our special case. First let m = 1. Let Si be the (one-dimensional) simple 
Ai-module on which t acts as multiplication by and the generator g of Z/£Z acts 
as multiplication by g*. Using the resolution (4.0.5), we get 



(4.0.4) 



}l\A,k)^E^i\{k,k)^k[y^,...,ym] 




0, for all n if i ^ {0, 1} 

0, if n is even and i — 1, or if n is odd and i — Q 
k, if n is odd and i — 1, or if n is even and i — 0. 
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Since the action of the generator y of k[y\ = H*(/li, k) induces a periodicity isomor- 
phism, we get that H*(74i, Si) is a rank 1 free H*(74i, /c)-module in case i e {0, 1}. 

Now if m > 2, a (one-dimensional) simple A-module may be written S = 
for some x '■ G ^ , where any g & G acts as multiplication by xid)- It i^^-Y be 
factored as Sy^ = S^^ ® ■ ■ ■ ® S^^ where gj acts trivially on S^^ if i ^ j. We may 
similarly factor A ^ Ai (g) ■ ■ ■ (® where A = {k[Xi]/{X^)) x {gi). Apply the 
Kiinneth Theorem to obtain 

and apply the case m = 1 to each factor. If = C, this result and Lemma 4.1 
follow from [20, Thm. 2.5], since in this case A is isomorphic to the quantized 
restricted Borel subalgebra of Uq{sl2^). 

Let M, N be left ^-modules. Let /(M, N) be the annihilator of Ext^(M, N) 
under the action of H*(74, k) by cup product, equivalent to — ®k N followed by 
Yoneda composition (see [3, L Prop. 3.2.1]). Since I{M,N) is a homogeneous 
ideal, it defines a projective subvariety of Proj H*(74, k) = P"*~^. We define 

(4.2.1) Vl{M,N) = Proj Yi*{A,k)/I{M,N), 

the set of all homogeneous prime ideals of dimension 1 (that is, those ideals not 
contained in any homogeneous prime ideal other than Y{*^^{A^k)) which contain 
J(M, N). UM ^N, we write simply I{M) = I{M, M) and Vi(M) = V2(M, M). 
Note that 

Vl{k) = Proj H*(A, k) ^ F'^-K 
We will denote VX{k) by V^- 

Proposition 4.3. The following properties hold for all finitely generated A-modules 
M,N. 

(i) VX{M ®N) = VX{M) U VX{N). 

(ii) Vi{M)^VX{Q{M)). 

(iii) VX{M,N) c vx{M) n vx{N). 

(iv) V^(M) = UsV^iS, M), where S runs over all simple A-modules. 

(v) V^{M) = if, and only if, M is projective. 

(vi) vxIm ® AT) c vx{m) n vx{N). 

Proof. Arguments from [3, II. §5.7] apply verbatim to prove (i)-(iv). 

(v) If M is projective, then Ext^M, M) = for all n > 0. Thus, VX{M) = 0. 

Assume V2{M) = 0. By (iv), wc get V^{S,M) = for every simple A-module 
S. Note that Ext\{S, M) = H*(A, S* ® M) (see [3, I. §3.1] or the appendix), and 
Lemma 4.1 thus implies that this cohomology is finitely generated as an H*(74, k)- 
module. So there exists uq such that Ext^(5', M) = for any S and any n > uq. 
Hence, the minimal injective resolution of M is finite. Since injective 74-modules 
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are projective, any finite resolution splits. Hence, M is injective, and therefore 
projective. 

(vi) The action of H*(A, k) on Ext^(M ®N,M®N) factors through its action on 
Ext^(M, M): We may first apply — (8) M to an n-extension of k by k, and then 
apply -(S>N. Thus I{M, M) C /(M O A^, M (g) iV) , implying that K|(M O A^) C 
V"^(M). On the other hand, since M is finitely generated, wc have the adjunction 
isomorphism Ext;^(M ®N,M®N) = Ext^(M# ®M®N,N) (see the appendix). 
Thus, VX{M ®N)^ VX{M* ®M®N,N). The latter is contained in VX{N) by 
(iii). □ 

Following the original construction by Carlson [9] for finite groups, we introduce 

modules L^. Let C e H"(A, A;) = Hom fj^^ffc), fc). Then is defined to be the 
kernel of the corresponding map ( : f2"(A;) —>■ k. In other words, we have a short 
exact sequence 

(4.3.1) ^ ^ n^'ik) ^k^O. 

Let {0 C P™~^ be the projective hypersurface defined by (, that is the set of all 
homogeneous prime ideals of dimension 1 which contain 

The following result is an adaptation to our situation of [14, 3.3]. 

Proposition 4.4. VX{M ® L^) = {() n VX{M). 

Proof. Observe that for any M, N, a prime ideal p belongs to V^(M, N) if and 
only if I{M, N)Gpif and only if Ext^(M, N)^ ^ 0. 

We first show (C)n\/i(M) C \/^(Af ®L^). By Proposition 4.3(iv), Vl{M®Li^) = 
U VX{S, M ® L^) and VX{M) = [J VX{S, M), where S runs through all simple A- 
modules, so it suffices to show that 

{OnVXiS,M)cVXiS,M®L^) 

for any S. Let p be a homogeneous prime ideal in {Q n V^iS, M), that is 
p contains the ideal generated by 7(5', M) and Q. We want to show that p e 
VX{S, M®L^), that is I{S, M ® c p. 

Suppose I{S, M <S) L,^) (f_ p. This implies that Ext^(S', M®L^)p = 0. Tensoring 
the short exact sequence ^ — f2"(A;) ^ A; ^ with M and applying 
Ext ^(5*, — ), we get a long exact sequence 

. . . ^ Ext^(5, M (8) L^) ^ Ext^-"(5, M) ^ Ex.t\{S, M) ^ E-xi'^^ (5, M (g) L^) ^ . . . 

Let z e Ext'(5, M). Then 5(2) G Ext^+^(5, M®L^). Since Ext^^(5, M®L^)^, = 0, 
there exists a homogeneous clement a ^ p such that ^(02;) = ad{z) = 0. More- 
over, we can assume that the cohomological degree of a is sufficiently large, so 
that deg(a)i > n. The long exact sequence implies that az — for y e 
g^deg(a)i-n^^^ M). We couclude that 

Ext:i(5,M)^ = CExt:i(5,M)^. 
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Since C e and Ext^(5', M) = Ext*^{k, S*®M) is finitely generated over H*(yl, k) 
by Lemma 4.1, Nakayama's Lemma implies that Ext^(5', M)^ = 0. But this 
contradicts the assumption I{S, M) C p. We conclude that I{S, M (g) L^) C p, 
and hence (C) n VX{S, M) C V2(5, M®L^). 

To prove the opposite inclusion VX{M ® L^) C {() fl V|(M), it suffices, by 
Proposition 4.3(vi), to show that V^(L^) C {(). Using 4.3(iv) again, wc reduce 
to showing the inclusion V^iS, L^) C (C) for any simple A-module S. Thus we 
need to show that Ext^(S', L^)p 7^ for a prime ideal p C H*(74, k) implies C ^ P- 
We will prove the converse. Suppose C ^ P- Then multiplication by C. induces an 
isomorphism on Ext*(S', A;)p since it is invertible in H*(A, Since localization 
is exact, the short exact sequence (4.3.1) implies that Ext*(S', L(^)^ is the kernel of 
the isomorphism C : Ext*(5, k)^ Ext*+"(5, k)^. Thus, Ext*{S, L^)^ = 0. □ 

Induction yields the following corollary. 

Corollary 4.5. VX{M ® L^, (g) ■ ■ ■ ® L^.) = (Ci, • • • , 0) n VX{M). 

5. Identification of varieties 

In this section wc will establish an analogue of the Avrunin-Scott Theorem, 
identifying the cohomological variety with the rank variety of a module. For 
A e P™-^ we denote by r| : H*(A,fc) W{k[t]/{t^),k) the map induced on 
cohomology by t\ : k\t\/{t^) A as defined in (2.1.1). 

Recall the algebra A — k[Xi, . . . , X^] x G defined at the beginning of §2. We 
have a short exact sequence of augmented algebras 

(5.0.1) k[Xi,...,Xm] A-^A 

which induces a spectral sequence (see [10, XVI §6]) 

(5.0.2) H*(A, B*{k[X,, ...,Xrnlk))^ H*(I, k). 

Lemma 5.1. The transgression map of the E2 page of the spectral sequence (5.0.2) 
induces an isomorphism H^(A;[Xi, . . . , X^], k) = H^(A, k). 

Proof. We first show that the action of A on H*(A;[Xi, . . . , Xm], k) is trivial. Since 
this action comes from tensoring the action of each factor {k[Xi\/ [XD) x Z/£Z 
of A on the corresponding Yi* {k[Xi],k), it suffices to check this for m — 1. Let 
Ii = k[X] X Z/£Z^ Ai = {k[X]/{X^)) X Z/a. Let C = k[X^\ C Ii denote the 
image of k[X\ in A^. Since W{k[X],k) = for i > 1 and H°(A;[X],fc) = k, the 
trivial module, we need only check that the action of Ai on H^(A;[X], k) is trivial. 

The Koszul resolution : Q ^ k[X] k[X] ^ /c ^ of A; as a A;[X]-module 
becomes a resolution as a k[X] x Z/£Z-module under the action g o X^ = q^X"^ 
in degree and g o X^ — g'+^X* in degree 1. The spectral sequence (5.0.2) can 
be obtained as a Grothendieck spectral sequence associated to the composition of 
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functors B.omc{—,k) and Hom^^(A;, — ). Hence, the action of Ai on H*(£, /c) = 
Ex.t*^{k, k) is induced by the action of on the complex 

Hom£(is:„ k): ^ nomk{k[X]/ {X^), k) ^ Homfc(A;[X]/(X^), A;) ^ 

which, in turn, comes from the diagonal action of Ai on Homfc(ii'^,, /c) (see the 
appendix for the explicit formula). Computation yields that H^{C, k) is generated 

by the cocycle / : k[X]/{X^) k specified by the condition f{X^~^) = 1, f{X^) — 
for i i — 1. We further compute that X o f G Im^ and {g o f)(X^^^) = 
f{g-^ o X^-i) = /(c/^-i o X^-^) = f{q^X^-^) = f{X^-'^). Thus, the action of Ai 
on H^{C, k) is trivial. 

Hence, A acts trivially on H^(/c[Xi, . . . , X^,k). Therefore, 

= W{k[X,, . . . , X^], k)^ = W{k[X,, . . . , Xralk). 
Observe that H^(1,A;) = 0: We have Yi^{A,k) ^ 0H^(A;[i] >^ Z/lZ,k) by the 

m 

Kiinneth Theorem. Direct computation with the Koszul resolution of k shows 

that B^{k[t\ X Z/«, k) = 0. Thus H^(l, A;) = as required. 
It follows that E^'^ = E^^ = 0, and so Ker4'^ = 0. Thus 

d''/■.E.\k[X^,...,Xm],k)^li\A,k) 

is injective. Since dim^ H^(A, k) = m = dim^ }i^{k[Xi, . . . , X^], A;), we conclude 
that 0^2'^ is an isomorphism. □ 

The next lemma estabhshes that the map is "essentially surjective" and is 
invariant under the G-action on P'""-'-. Let / = (Xi, X2, . . . , X^) be the ideal 
of A generated by the X^'s, and let zi,. . . ,Zm be the basis of (///^)* dual to 
Xi, . . . , Xjn. As before, we denote by yi the generators of H*(A, A;). 

Lemma 5.2. (i) For any A e P'"-^ is surjective onto W{k[t]/{t^), k) ^ k[y]. 
(ii) For any geG,Tl = r*^. 

Proof, (i) Let A = [Ai : A2 : • • • : A^] £ P"*~^. Lemma 2.1 implies that the follow- 
ing diagram is commutative, where both rows are exact sequences of augmented 
algebras: 



A;[Xi, . . . , Xm] — ^ — ^ A ^ A 



(5.2.1) 



ti-*\lXlhl-\ VXmXjnhm 



k[t] — > k[t] > k[t]/{t^) 
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The rows of (5.2.1) induce compatible spectral sequences where the edge homo- 
morphisms d!^'^ are isomorphisms by Lemma 5.1. Thus, we get another commuta- 
tive diagram where vertical maps are restrictions. 

= li\k[X,, ...,Xrr,],k) ^ li\A, k) 

(5.2.2) ^ 1 
m/{t'))* — Ii\k[t],k) ^ ii'{k[t]/{t% k) 

The leftmost column comes from the isomorphism Y{^{k[Xi^ . . . ^Xj^^^k) = 
Hom,ig(A;[Xi,...,X„],A;) = Hom,(///2,A;) = {I / P)* . 

By construction of the diagram (5.2.2), the leftmost vertical map is the dual to 
the map induced by 1 1— > \{Xi + • • • + X^Xn- Thus, it sends zi to Afz, where z is 
the dual basis to t in {{t)l{t^))*. Therefore, the rightmost vertical map sends yi 
to \ly. Since at least one of Aj is nonzero, we conclude that is surjective onto 
H2(A;[t]/(tO, A;), and thus onto W"{k[t\/{f), k). 

(ii) Let y = g ■ \. By the definition (2.4.1) of this action, as = 1, we have 
(A^^ = Xi for all i. It now follows from the proof of (i) that = t^. □ 

The lemma implies that we can define a map 

(5.2.3) ^-.VX^ VX 

by sending A G V^/G — ¥^~^/G to the homogeneous prime ideal Ker(rj^) of 
H*(74, k). The following proposition is an immediate consequence of Lemma 5.2. 

Proposition 5.3. ^ : ^ is a homeomorphism. 

Proof. As VX = F"^-^/G, first define ^ : P'""^ VX by 

*(A)=Ker(r;). 

As it is shown in the proof of Lemma 5.2(i), T^{yi) = X^y, where y is the 
degree 2 generator of }i*{k[t]/{t^),k). Thus, Ker(T^) is generated by the elements 
X) OiZ/i e H^(^, k) such that J2 ^i^i = 0- We get 

^(A) = [A^A^■■■:AlJ. 

Finally, since [Af : Ag : ■ ■ ■ : A^] = [n{ : ^2 '■ ■ ■ ■ '■ l^-ii] if and only if there exists 
g E G such that [Ai : • • • : X^] — g-[pLi : ■ ■ ■ : //^], we conclude that ^ : P"*-i — > VX 
factors through ^ : — > and, moreover, that is a homeomorphism. □ 

Remark 5.4. The rank variety VX can be identified with Proj S'*((///^)*)'^ = 
(Proj I /P)/G — P'"~^/G. The map ^ is then given by the algebraic map 

(5.4.1) i^:}r{A,k)^{S\{I/P)*)f, 

Vi ^ 4- 
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We will need the following observation, which is well-known in the case of cyclic 
finite groups ([15, 3.2]). Let y be the degree 2 generator of Yi*{k[t\/{t^),k). Then 
multiplication by y induces an isomorphism 

(5.4.2) -y : W^{m/ {t'), N) R--^'{k[t]/it'), N) 

for any n > and any /c[t]/(t^)-module N. To see this, note that by the peri- 
odicity of the trivial module k arising from (4.0.5), we have W\k[t]/ (t^), N) = 
ir+'^{k[t]/{t'^),N) for all n > 0. The element y G }i^{k[t]/{t'^),k) corresponds to 
the identity map in Hom^ .^^] /(-^<;-)(/c, k) = Hom^[j]/(^«)(r^^(/c), fc), and its cup prod- 
uct with an element in H"(A;[t]/(t^), iV) = Hom ^.^^] (!]"•( /c), N) corresponds to 
composition with the identity map from Q"(A;) to Q'^{k). 

Now we are able to determine the support varieties of the modules V^(A), which 
will be used to obtain a connection between the rank and support varieties of an 
arbitrary finitely generated A-module. 

Lemma 5.5. VX{V{X)) = ^(A). 

Proof. Let z G I{k, V{X)) be a homogeneous element of even degree in the anni- 
hilator of Ext^(/c, V{\)) in Ext^(A;, A;). Since the restriction map 

r; : Ext:,(A;, \/(A)) Ext*[,]/(,.)(A;, \/(A)) 

is injcctivc by Lemma 2.4, we can choose v G Ext^(A;, ^(A)) such that t^{v) ^ 0. 
Since z G I{k, V{X)), we conclude that 

rl{z)rliv) = Tlizv) = 0. 

Due to the isomorphism (5.4.2) and as t^{v) ^ 0, wc get tI{z) = 0. Thus, 
z G Ker(rj^). Since all elements of I{k,V{X)) of odd degree are nilpotent and 
Ker(Tj^) is a prime ideal, it follows that 

I{k,V{\))cKeT{rl). 

This implies that ^(A) G VX{k,V{X)). By Proposition 4.3(iv), VX{k,V{X)) C 
ViiV{X)). Therefore *(A) G VXiV{X)). 

It remains to prove that V^{V{X)) C ^E'(A). Applying Proposition 4.3(iv) again, 
it suffices to show V^iS, V^(A)) C ^(A) for any simple A-module 5". This, in turn, 
will follow from the inclusion Ker(T_{) c I{S,V{X)). 

Let 5" be a simple A-module. We claim that the following diagram commutes: 

Ext*Aik, k) — ^ Ext^(5, S) 



(5.5.1) 




Ext^[i]/(t^)(A;, k) 

Indeed, suppose S = where % : G — > /c^ is a character, so that each g E G acts as 
multiplication by xig) ^-nd each Xi acts as 0. Under the map —<S>S, an n-extension 
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k Mn-i > Mo-^kis sent to S ^ M„_i S ^ > Mo®S ^ S. The 

action of Tx{t) on each module (8) 5" is as 

m 

A{rx{t)) = Xi{Xihi ®hi + QiK ® Xihi). 

i=l 

Since Xihi acts by on this is the same as the action of XlI^Ii ^iXihi^hi, which 
is jy^i x{hi)\iXihi ® 1. Thus, when restricted to k\t]/ (t^) via rj^, the n-extension 
is equivalent to A; — > M'^_^ Mq — > k, where M[ — Mi as a, vector space, 

and t acts on M- as i x{ht)\Xihi = Ty{t) with A' = [x(/ii)Ai : ■ ■ ■ : x{hm)Xm]- 
Therefore there is a (? e G with A' = gf • A. By Lemma 5.2(ii), — Ty, and so the 
diagram commutes. 

Note that the map — -S" in fact identifies Ext^(/c, k) and Ext^(S', S) as graded 
vector spaces: An inverse map is given hy — ® since S ® ^ k. 

Consider the following commutative diagram where the vertical arrows are re- 
strictions via Tx and horizontal arrows are actions via Yoneda product: 



(5.5.2) 



Ext^(,5, S) X Ext^(5, V{\)) ^ Ext^(,S, V{\)) 

Extfc[i]/(i.)(A;, A;) x Ext* (/c, V{X)) ^ Ext*[,]/(,,)(A;, V{X)) 



The action of Ext^(/c, k) on Ext^(5', V^(A)) factors through the action of Ext^(5', S) 
via —i^S: Ext^(A;, k) Ext^(5', 5"). By Lemma 2.4, the rightmost vertical arrow 
of (5.5.2) is injective. Let a e Ker(Tj^) in Ext^(A;, A;). Commutativity of (5.5.1) 
implies that a 5" is also in the kernel of : Ext^(S', S) Extl^^y(^e-^{k, k). This 
means that for every (3 G Ext^(S', V^(A)), we have Tl{{a® S) ■ (3) = 0. As this 
is injective, this implies {a (E) S) ■ f3 = 0, that is a G I{S, V{X)). Since this holds 
for any a G Ker(r^), we get Ker(r_^) C I{S, V^(A)) as required. □ 

Finally we use the modules ^(A) and to prove equivalence of the rank and 
support varieties. 

Theorem 5.6. Let M be a finitely generated A-module. Then 

^{Vl{M)) = VXiM). 

Proof. Let A G V^(M), where we abuse notation by identifying an element A G 
P"^-^ with its G-orbit. Then Hom^(l^(A), M) 7^ by Lemma 2.5(i). By periodicity 
(Lemma 2.3(v)), 

Ext^"(\/(A), M) = RomjViX), M) ^ 

for every positive integer n. This implies that V^(V(A),M) 7^ 0. Indeed, suppose 
V2{V{X), M) = 0. Then ^yI{V{X),M) = H>°(A, k). Note that Ext;^(V"(A), M) = 
H*(A, y(A)* (8)M) (see the appendix), and this is a finitely generated module over 
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}i*{A,k) by Lemma 4.1. This implies that Ex^XiV {\) , M) = for all sufficiently 
large n, contradicting what we found above. Thus, VX{V{X), M) ^ 0. 

Proposition 4.3(iii) and Lemma 5.5 imply that VX{V{X),M) C ^^(^(A)) n 
VX{,M) = ^(A) n VX{M). Since VX{V{\),M) ^ 0, we conclude that *(A) C 
VX{M). This proves the containment ^(^^(M)) C VX{M). 

Now suppose ^(A) G V|(M). We can find a finite set of homogeneous elements 
(i, . . . , Cm-i in H*(A, k) (where m — 1 is the projective dimension of V^) such that 
\|/(A) = f]{Ci). Letting Lx = Lt;^®- ■ - (^L^,^ (see (4.3.1)), Corollary 4.5 implies that 
VXiM^Lx) = ^(A). By the first part of the proof, it follows that VX{M^Lx) C A. 
Since VX{M O La) = ^(A) ^ 0, Proposition 4.3(v) implies that M O is not 
projective. Theorem 3.4 implies that VX{M (g) Lx) ^ 0. Hence, V^iM (g) Lx) = A. 

For each i, we have a short exact sequence — > M^Lq M®fl'^{k) M — > 
obtained by applying M — to (4.3.1). By Proposition 3.3(iv), VJ(M (x) Lq.) C 
VX{M)UVX{M(^n'^{k)). Since M®QJ'{k) ^ QJ'{M) in the stable module category. 
Proposition 3.3(iii) imphes that yj(M(8)L^.) C V^iM). Proceeding by induction, 
we conclude that 

VX{M®Lx)^VX{M). 

Thus, A G Vl{M). Since this holds for any A such that *(A) G V^i(M), we get the 
desired inclusion VX{M) C ^(\/;(M)). □ 

As a consequence of Lemma 5.5 and Theorem 5.6, we may now record the rank 
variety of V{X}. 

Corollary 5.7. VXiV^X)) = {A}. 

6. Varieties for modules of truncated polynomial algebras 

Our results have consequences for modules of the truncated polynomial algebra 
A = k[Xi, . . . , Xm]/(Xf , . . . , X^), which we give in this section. We define the 
rank variety of a A-module M by 

(6.0.1) VliM) = VX{M T^), 

where the rank variety of the induced A-vao dulc M 1"^= A (g)A M IS given m 
Definition 3.2. Since A is free as a A-module, induction from A to A is well- 
behaved. The rank variety of the trivial A-module is P"^-i since t(A) acts trivially 
on A®f,k, for any A. We will use the notation VI = Vl{k) = VX{k T^) = P^'-VG. 

Remarks 6.1. (i) An alternative definition of rank varieties for A-modules is given 
in [7, Rk. 4.7(2)]. We expect that our definition is equivalent to this one, however 
wc only have a proof that they are equivalent in case ('. = 2 (see Remark 6.8 below). 

(ii) Viewing the A-modules V^(A) = A ■ rx(t)^^^ (see Section 2) as A-modules 
by restriction, we have the following characterization of the rank variety for a 
A-module M: ^^(M) consists of all A G F'^-^/G such that Hom ^ (l^fA), M) 
(cf. [12, Lem. 3.7(2) and Defn. 4.1]). This is a consequence of Lemma 2.5(i) since 
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the Eckmann- Shapiro Lemma imphes that Hom^(y(A), M|^) = Hom^(l^(A), M) 
as a result of an isomorphism between induced and coinduced modules. The 
isomorphism HomA(A, M) = M j"^ is given by sending / G HomA(^, M) to 
X^geG^' ® fid^^)- The left A-module structure of HomA(^, M) is standard, given 
by (a • f){b) = f{ba) for all a,b e A, f e HomA(A, M). 

We define the support variety V^(M) using the action of H*(A, k) = Ext\{k, k) 
on H*(A, M) = Ext*jt^{k, M) by Yoneda composition. Note that H*(A, fc) is the 
tensor product of a symmetric algebra with an exterior algebra, each in m vari- 
ables; this may be seen by using (4.0.5) and the Kiinneth formula. In particular, 
H*(A, k)red = a* {A, k). Let H*(A, k) denote the subalgebra of H*(A, k) that is the 
sum of all even degree components when char k ^ 2, and H*(A, A;) = H*(A, /c) 
when char k = 2. 

Definition 6.2. Let = Spec H* (A, A;). For a finitely generated A-module M, 
define Vl{M) = V^{k, M) to be the closed subset of defined by the annihilator 
ideal AnnH.(A,fc) H*(A,M). 

Remark 6.3. Since A does not have a Hopf algebra structure, we cannot consider 
the action of H*(A, A;) on ¥^y±\{M,M) as it is usually done to define support 

varieties when the Hopf algebra structure is present. Nonetheless, since A has a 
unique trivial module k, Definition 6.2 is parallel to the standard definition in view 
of Proposition 4.3(iv). 

The map ^ of (5.2.3) can be identified with a map : V^' — > ^ = ^1 

and Va = V^; the second identification comes from the isomorphism H*(A, k)red — 
H*(A, A;). We will show that ^ takes the rank variety of a finitely generated A- 
module to its support variety. 

Theorem 6.4. Let M be a finitely generated A-module. Then 

•^{Vl{M))^Vl{M). 

Proof. By the definition (6.0.1) of VJ(M) and Theorem 5.6, we need only check 
that V^{M) = VXiM t^). By Proposition 4.3(iv) it suffices to show that Vl{M) = 
V^{S, M 1^) for any simple A-module S. By arguments similar to those in Re- 
mark 6.1(ii), Ext\{S,M t^) = Extl{S,M) = Ext^(A;,M). This is an isomor- 
phism of H*(74, A;)-modules where H*(74, A;) acts on ExtA(A', M) via the embedding 
E*{A, k) ^ H*(A, A;). Since E*{A, k) = H*(A, k)red, the variety of the annihilator 
of ExtA(A;, M) is determined by the action of H*(A, A;). The statement follows. □ 

We now explain the connection between our results and the work on support 
varieties which was done from the point of view of Hochschild cohomology in [13], 
[14], [29]. 

We will show that the rank variety of a A-module is also equivalent to its 
Hochschild support variety defined as follows via a particular choice of subalgebra 
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of the Hochschild cohomology ring HH*(A) = Ext^e(A, A), where A" = A ^ A°p. 
We use the definition of (Hochschild) support varieties for modules of finite di- 
mensional algebras given in [29] and developed further in [14] . Let 

We will show that H embeds canonically as a subalgebra of HH*(A). To do this, 
we will need to consider the following subalgebra oi — A<Si A°p, 

V^A^^ S{G) = 0(A^ ® Ag-') c A^ 
geG 

where S{G) = {{g.g^^) \ g G G} = G acts on A^ by the left and right actions 
induced by the action of G on A. Note that V contains the subalgebra S{A) = A, 
where 5 (a) = <S) S{a2) (see Lemma 7.1 below). As noted in the proof of 

Lemma 7.2, A^ is projective as a right 5(A)-module under multiplication. Note 
that A^ — ®g^a{{9 ® 1)"^^) as a right (5(A)-module, that is "D is a direct summand 
of the projective 5(A)-module A'^, and so is projective itself. 

Let P, A; be an A-projective resolution of the trivial A-module k. The 
isomorphism A = A'^ ^5{a) k of A'^-modules given in Lemma 7.1 restricts to an 
isomorphism A = D ®s{A) k of P-modules. Therefore induction to T> yields a 
"D-projective resolution of the "D-module A: 

>V ®s{A) Pi^V ®s^A) Po ^ A ^ 0. 

Induction further to A^ yields an 74^-projective resolution 

^A" ®s(A) Pi A" ®s(A) Pq^ A^Q. 

Now suppose ^ e H'^(/l, /c), and identify ^ with a representative A-map ^ : Pn k. 
Induction yields a I>-map ^' : V ®s{A) Pn A, and further induction yields an 
74^-map ^" : A'^ ^s(a) Pn A. The induction from 5{A) to A^ results in precisely 
the embedding of H"(A, A;) into HH"(A) given in Lemma 7.2. Therefore, the 
map sending ^ to ^' is an embedding of H"(yl, fc) into Ext^(A, A). Note that 
Ext^(A,A) = Ext^e(A,A)'^ = HH"(A)'^ since the characteristic of k is relatively 
prime to the order of G. This provides the embedding oi H — E*{A,k) ^ 
HH*(A)^ ^ HH*(A). 

Remark 6.5. The embedding H = H*(A, A;) ^ HH*(A) can be described explicitly 
as follows. In case m — 1, identify A with k[t]/{t^). There is a periodic A^-free 
resolution of A: 

^ A^ ^ A^ ^ A^ ^ A^ ^ A 

where u = t(g)l-l(g)t and v = t*^'^ (g) 1 + 1'^'^ (g) t -\ h 1 [33, Exer. 9.1.4]. 

Using this resolution, one computes HH"(A) = A/it^'^) and HH"(A)'^ = k for all 
n > 0. As W^{A, k) = k for all even n > 0, and for all odd n > 0, the embedding 
H*(A, k) ^ HH*(A)'^ is forced to be an isomorphism onto HH*(A)^^ in case the 
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characteristic is not 2. Apply the Kiinneth Theorem to obtain the embedding for 
all m. 

Wc must verify that A and H satisfy the properties required by the theory of 
support varieties defined via Hochschild cohomology in [14]: As A is local, it is an 
indecomposable algebra. The cohomology algebra H — }i*(A, k) is a polynomial 
ring in m variables, each of degree 2 (4.0.4), so it is a commutative, noetherian, 
graded subalgebra of HH*(A). The assumption = Z{A) = A does not hold. 
However the generators of A are nilpotent and so we may consider H to be the 
reduced version of the subalgebra of HH*(A) generated by H and A, and for the 
purpose of defining varieties it suffices just to consider H. Thus H essentially 
satisfies assumption (Fgl) of [14]. Since H*(A, /c) = Ext^(A;, A;)*^, we get that 
Ext^(A;, k) is a finitely generated module over H, however we must check that the 
usual action agrees with that defined via the subalgebra T> above. To see this, 
it suffices to check that (P ®5(a) M) (8)a A; = M as A-modules, for any A-module 
M. Using the techniques of Lemma 7.1, we may write an arbitrary element of 
{V <^s{A) M) (8)a A; as a linear combination of certain elements 

a <S> b <S> m <S> 1 — ai ® 5(02)6 <8) m <8) 1 

~ Qi '8) S{a2)a3b (g) m (g) 1 
= 1 (g) 026 <g) aim (g) 1 

~ ^ 1 (g) 1 (g) aim (g) e{a2b) — 1 (S) 1 <S> e{b)am (g) 1 

{a,b & A, m & M) since A is a left coideal subalgebra of A (that is 026 G A when 
a (g) 6 G V). The desired isomorphism (T> ^s{A) M) (g)A A; — ^ M is thus given by 
a(g)6(g)m(g)l I— >• e{b)am, with inverse mi— > l(g)l(g)m(g)l. This proves that (Fg2) 
of [14] is satisfied. 

As in [14, 29] we define the (Hochschild) support variety of a A-module M, with 
respect to H — H*(A, A;), as 

(6.5.1) Vl' (M) = Proj H/ Annn Ext^M, M) 

where the action of H on Ext^(M, M) is by — (E)a M (under the identification of 
elements of H with A^-cxtensions of A by A) followed by Yoneda composition. We 
next show that V^{M) is homeomorphic to the support variety V^{M) given in 
Definition 6.2. 

Theorem 6.6. Let M be a finitely generated A-module. Then 
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Proof. It was shown in the proof of Theorem 6.4 that V^{M) = V^{M |^). We 
will show here that V^{M f^) = V^(M). We analyze the following diagram: 

E.*{A,k) 
HH*(A) 

Ext^(A,A) Extl(M,Mt^) 

HH*(A)G "^^^ > Ext;(M, M) 

The lower left arrow going up is defined by applying the isomorphism Ext^(A, A) = 
HH*(A)'^ discussed above and identifying A with the X>-submodule A >^ 1 of A = 
A XI G. The lower right arrow going up is defined by identifying M with the 
A-submodule 1 (g) M of M t^- The embedding of H*(A, A;) = Ext;^(A;, A;) into 
HH*(A) = Ext%{A, A) in the diagram identifies it with a subalgebra of the image 
of HH*(A)'^ in HH*(yl) as a result of the discussions above on the algebra V. 

The top triangle commutes by Lemma 7.3. This implies that the annihilators of 
Ext^(M t^, M t^) in Ext^(A;, k) and in the subalgebra H of Ext;^e(A, A) coincide. 
We have also seen that H may be identified with a subalgebra of HH*(A)'-^, com- 
patible with these embeddings. Therefore it remains to check commutativity of 
the bottom part of the diagram, since the vertical arrows are injections, implying 
the appropriate annihilators will coincide. This may be checked directly at the 
chain level, using the identification HH*(A)'^ = Ext^(A, A) given above. □ 

We have an immediate consequence of Theorems 6.4 and 6.6. 
Corollary 6.7. Let M be a finitely generated A-module. Then 

*(f;(m)) ^ F/(M). 

Remark 6.8. In case i = 2, our support varieties for A-modules are equivalent to 
those defined by Erdmann and HoUoway [13] since our choice of H is precisely 
HH*(A) modulo nilpotent elements. As a consequence of Corollary 6.7 and the 
analogue of the Avrunin-Scott Theorem in [13], our rank varieties for A-modules 
also coincide with those defined in [13]. In case £ > 2, we expect our rank varieties 
for A-modules to coincide with those defined by Benson, Erdmann, and HoUoway 
[7, Rk. 4.7(2)], but the cohomological techniques are not yet available in this case 
and so perhaps a different approach is needed. 




Ext^(Mt^,Mt^) 
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7. Appendix 

Hochschild cohomology of Hopf algebras. Here we allow A to be any Hopf 
algebra over the field k, and record some general results. In particular, we give 
connections between the cohomology H*(A, /c) and the Hochschild cohomology 

HH*(A) = Ext A-{A, A), where A"" = A ® A°p acts on A by left and right multi- 
plication. An embedding of }i*{A,k) into HH*(A) is deduced by Ginzburg and 
Kumar [20, Prop. 5.6 and Cor. 5.6]. Here we give an explicit map expressing such 
an embedding at the chain level and the resulting connections between actions on 
Ext^(M, M) where M is an 74-module (see Lemma 7.3). 

Lemma 7.1. There is an isomorphism of A^ -modules A = (^4^) (S)a k, where A 
is embedded as a subalgebra of A^ via the map S : A ^ A^ defined by 5 (a) — 
(8) S{a2). 

Proof. First note that S is indeed injcctive as vr o 5 = id where the linear map 
TT : A'^ Ais defined by 7r(a(8>&) = a s{b). As S is an algebra anti-homomorphism, 
6 is an algebra homomorphism. Next define / : A'^ ®^ /c — > A by /(a ® 6 ® 1) = ab 
and g : A ^ A^ (8)^ k by g{a) — a (g) 1 (8) 1. We check that / and g are inverse 
maps: / o g(a) — f{a (8 1 <8) 1) = a for all a e A, and 

g o f{a(^b(S>l) = afe (g) 1 1 

= a6i (g) £(62) (g) 1 

= ^a6i ® 5(62)fe3 ® 1 

= g (g) 62 <g) ejbi) = g (g) 6 (g) 1, 

for all g, & e A. Similar calculations show that / and g are both A^-module 
homomorphisms. □ 

We will next recall some homological properties of modules for a Hopf algebra. 
For proofs, see [3, 1. §3.1]. Let U he a projective left (respectively, right) A- 
module, and V any left (respectively, right) A-module. Then V®U is a projective 
left (respectively, right) ^4- module. If V, W are left 74-modules, then Homfc(y, W) 
is a left A-module under the action (g • f){v) = ■ f{S{ai) ■ v). In this way, 
B.omk{V, W) = (g) as A- modules, where = B.omk{V, k) is an A- module 
similarly, with k taking the trivial action of ^4. If U, V, and W are left A-modules, 
then there is a natural isomorphism }iomk{V (g U, W) = Homfc(C/, V* (g) W) of 
74-modules. This restricts to a natural isomorphism of vector spaces Hom^(y (g 
U,W) = Hom^(C/, (g) W), further inducing an isomorphism of graded vector 
spaces 

Ext\{V 0U,W) = Ext\{U, V* ® W). 
Similar results hold if t/, V^, W are right ^4- modules, where Homfc(y, W) is a right 
A-module under the action (/ • a){v) — Ylifi'^ ' ^i'^i)) ' ^2- It is helpful to view 
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B.omA{U, V) as the subspace of A-invariant elements of Homfc(f/, V), that is as 



equivalent by a straightforward computation [34, Lem. 1]. 

We will consider A to be a left A-module under the left adjoint action, that is 
if a, 6 e A, 



Denote this 74-module by A"-'^. 

Lemma 7.2. Assume the antipode S is bijective. There is an isomorphism of 
graded algebras }i}i*{A) = }i*{A,A"^). This induces an embedding of}i*{A,k) 
into HH*(A). 

Proof. As S is bijective, it may be checked that S : A ^ A°p is an isomor- 
phism of right A-modules, where A acts on the right by multiplication on A 
and by multiplication by S{A) on A"^. This yields an isomorphism of right A- 
modules A ® A — > A A°^ = A^. Now A ® A is projective as it is a tensor 
product of projective modules. Thus A^ is a projective A-module, the action of 
A being multiplication by 5{A). We may therefore apply the Eckmann- Shapiro 
Lemma, together with Lemma 7.1, to obtain an isomorphism of vector spaces 
Ext\{k, A"-'^) = Ext\e{A, A). This is in fact an isomorphism of algebras. (The 
correspondence of cup products follows from a generalization of the proof of [28, 
Prop. 3.1] from group algebras to Hopf algebras. See also [20, §5.6].) Note that 
the trivial module k is a direct summand of A"''^, with complement the augmen- 
tation ideal Kei^e). This results in identification of H*(A, k) = Ext^(/c, k) with a 
subalgebra of HH*(A) = Ext^e(^,^). By construction, this identification is given 
explicitly by the map A*^ (8)^ — on extensions. □ 

The next lemma gives the connection between actions on Ext^ (M,M) that is 
used in Section 6. 

Lemma 7.3. Assume the antipode S is bijective. Let M be a finitely generated 
left A-module. Then the following diagram commutes: 



Proof. The leftmost map A^®a — is induced by the diagonal embedding 5 : A A^ 
defined in Lemma 7.1. The bottommost map involves right multiplication of A^ 
hy A = 1 ® A. Note that — ®a M does indeed take n-extensions to n-extensions: 
We may assume all modules in an n-extension of ^4 by ^4 as 74^-modules are free 
over A. Then — <Sia M takes such an exact sequence to another exact sequence. 



(Homfc(f/, V))^ = {/ e Homfc(f/, V) \ a ■ f = e{a)f for all a e A}, 




R*{A,k) 
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Now suppose — > A; — > Pn — ^ • • • ^ -Pi — ^ ^ is an n-extension of A- modules 
representing an element of IP (A, k). For each i, define /c-linear maps 

fi : {A" ®APi)®AM ^ Pi®kM 

Qi : Pi0kM^ (A^ ®A Pi) ®A M 

by fi{ci <S> b <S> p <S) m) = ^ oip <S> a2bm and gi{p <S> m) — 1 <S> 1 <^ p <S> m e {A <S) 
A°P) <^A Pi <^A M. Then clearly /i o gr . = id. On the other hand, 

Qi ° <S> b <S> p <^ m) — 1 (g) 1 (8) OiP ® 026/77. 

= oi 5* (02) p 036777 

= Oi (g) 6'(02)036 (g) p (8) 777. 

= Oj (g) £(02)6 ®p®m — a®b®p®m. 

Therefore and are inverse maps. We check that gi is an A-map (/j is easier 
and is left to the reader) : 

gi{a-{p®m)) = ^^(J^ Oip <g) 02777) 

= 1 (g) 1 (g) OiP (g) 02777 

= Oi (g) 5(02) (g) p (g) 03777 

= Oi (g) )5'(02)03 (g) p (g) 777 

= o (g) 1 ® p (g) 777 = o • g'i(p (g) 777). 

It is straightforward to check that the fiigi are chain maps. Therefore an 77- 
extension of A-modules /c by A; is taken to the same extension of M by M, either 
way around the diagram. □ 

Computational lemma. The following result is needed in the proof of Lemma 
2.4. Let A = A XI G as in Section 2, and recall the notation T\{t) = YllLi ^i^i^i 
where A = (Ai, . . . , A^) G A;"*. If S* is a simple A- module, let 65 be the primitive 

central idcmpotcnt of kG corresponding to S. 

Lemma 7.4. Let a & A, X & k"^ \ {0}, and S a simple A-module. If Tx{t)a = 
and aT\{tY~^ is a scalar multiple of esX[^^ ■ ■ ■ X^^^ , then aTx{tY~^ = 0. 

Proof Write o = Eo<ai,6i<£-i «ai,...,a^,6i,...,&^^r • • ■ X^g'l' ■ ■ ■ g^^ for some scalars 
Q;ai,...,am,6i,...,6m G k. Assumc without loss of generality that Ai = 1. We use a 
g-multinomial formula for T\{tY~^, which may be obtained from the binomial 
formula (stated in the proof of Lemma 2.1) and induction on 777. We need the 
notation 

77 \ _ (77)9! 



^1) ■ ■ ■ ) ^mj „ (^l)q- ■ ■ ■ (^m)g- 
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Assuming T\(t)a = and Ai = 1, 
( 



E 



0<s,<£-l 

SlH hSm=^-l 



■ ■ ■ ) q 



\ 



\S2 \^rny>i\ y^mU'^l I, 



a, 



ai,...,am 



KO<ai,bi<t-i 



E E «ai,...,o^,6i,...,6^ f j ^T'-'K 

Si<e-1 0<ai,bi<e-l \ I:---: m/ g 



0<Si<e-l 0<ai,. 

SlH |-Sm=^-1 



„aiS2+(ai+a2)s3H l-(aiH |-a,„_i)sm "V^di+si yam+Sm „bi+S2-\ hs,,. 

y ^1 ■■■^m yi ■■■yn 



E 

0<ai,fei<^-l 



E 



Q^ai— Sl,...,am— Sm,,6l— 52 Srn,,---i&Tr 

0<Si<£-l 
SlH |-Sm=^-1 



^- 1 



\S2 \Sm 



(ai-si)s2+(ai+a2-si-S2)s3H l-(aiH ha^-i-si 

q ) ■ ■ ■ gr^ ' - - ym 1 

where we define aai,...,amM,--;bm = if any one of ai,...,a^ is negative. Each 
coefficient is thus 0, that is 



(7.4.1) 0= J2 



a, 



ai—Sl,--- ,am—SmM—S2 Sm,--- ,brt 



0<Si<e-l 
SlH hSm=^-l 



i-1 

^1 ) ■ ■ ■ ) ^r; 



\S2 \Sm 



1 

By similar calculations we have 

/ 

0<Oi,bi<^-l 



(ai-si)s2H-(aiH-a2-si-S2)s3H l-(aiH \-am-i-si Sm-i)s 



0<Si<^-l 

SlH \-Sm=i-l 



ai—si,...,am.—Sm,bi—S2 s. 



Si , . . . , Sj5 



v 

\S2 \Sm^(6l-S2 Sm)si-\ \-bmSm\ VH Y'^m „b\ bm 

^2 )^l ■■■^m 9l ■■■9m ■ 

If this were a nonzero element of kesX[~^ ■ ■ ■ X^^, then for any m-tuple . . . , hm), 
the coefficient of Xf"^ • • • X^^g\^ ■ ■ ■ g'^ would be nonzero, that is 



(7.4.2) 7^ ^ ae-l-sl,...,e-l-Srr^M-S2 Sm,-,bm( ) 



\S2 \Sm 

^2 



o<si<e-i 

SlH \-Sm=t-i 



(6l— S2 Sm,)si-] l-bmSn 
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Letting oi = • • • = a^, = ^ — 1 in (7.4.1) and comparing with (7.4.2), we claim that 
we may choose {bi, . . . , 6^) so that these coefficients are equal, a contradiction: 
We will find a solution to 

q{e-l-Sl)s2-\ h((m-l)(^-l)-Sl Sm-l)Sm _ ^(6l-S2 ■Sm)siH hfemSm 

This equation is equivalent to q~^^~^^3 {m-i)sm _ qbisi+-+bmSm ^ which has solu- 
tion bi — 0, b2 — —1, . . . , bm — —{m — 1). Thus if aTx{tY~^ is a scalar multiple of 
egXi'^ ■ ■ ■ it must be 0. □ 



References 

[1] G. Avrunin and L. Scott, Quillen stratification for modules, Invent. Math. 66 (1982), 277- 
286. 

[2] G. Benkart and S. Witherspoon, A Hopf structure for down-up algebras, Math. Z. 238 
(2001), 523-553. 

[3] D. J. Benson, Representations and cohomology. Volumes I and II, Cambridge University 
Press, 1991. 

[4] D. J. Benson, Polynomial invariants of finite groups, Cambridge University Press, 1993. 
[5] D. J. Benson, J. F. Carlson, and J. Rickard, Complexity and varieties for infinitely generated 

modules II, Math. Proc. Camb. Phil. Soc. 120 (1996) 597-615. 
[6] D. J. Benson, J. F. Carlson, and J. Rickard, Thick subcategories of the stable module category. 

Fund. Math. 153 (1997), 59-80. 
[7] D. J. Benson, K. Erdmann, and M. HoUoway, Rank varieties for a class of finite- dimensional 

local algebras, preprint available at 

http : //www. maths . abdn. ac .uk/Tsensondj /html/archive .html. 
[8] J. F. Carlson, The varieties and the cohomology ring of a module, J. Algebra 85 (1983), 
104-143. 

[9] J. F. Carlson, The variety of an indecomposable module is connected. Invent. Math. 77 
(1984), 291-299. 

[10] H. Cartan and S. Eilenberg, Homological Algebra, Princeton University Press, 1956. 

[11] E. C. Dade, Endo-permutation modules over p- groups, II, Ann. Math. 108 (1978), 317-346. 

[12] K. Erdmann and M. HoUoway, Rank varieties and projectivity for a class of local algebras. 

Math. Z. 247 (2004), no. 3, 441-460. 
[13] K. Erdmann and M. HoUoway, The Avrunin Scott Theorem and a class of local algebras, 

preprint available at http: //www. maths. abdn. ac.ukAbensondj /html/archive. html. 
[14] K. Erdmann, M. HoUoway, N. Snashall, O. Solberg, and R. Taillefer, Support varieties for 

selfinjective algebras, arxiv.math.KT/0311311. 
[15] L. Evens, The cohomology ring of a finite group. Trans. Amer. Math. Soc. 101 (1961), 

224-239. 

[16] E. Friedlandcr and B. Parshall, Support varieties for restricted Lie algebras, Invent. Math. 
86 (1986) 553-562. 

[17] E. Priedlander and J. Pevtsova, Representation-theoretic support spaces for finite group 

schemes, American Journal 127 (2005) 379-420. 
[18] E. Friedlander and J. Pevtsova, H- supports for modules for finite group schemes over a field, 

preprint, 2004. 



30 



JULIA PEVTSOVA AND SARAH WITHERSPOON 



[19] E. Friedlander and A. Suslin, Cohomology of finite group schemes over a field, Invent. Math 

127 (1997), no. 2, 209-270. 
[20] V. Ginzburg and S. Kumar, Cohomology of quantum groups at roots of unity, Duke Math. 

J. 69 (1993), 179-198. 

[21] J. C. Jantzen, Representations of Algebraic groups, second edition, Mathematical Surveys 

and Monographs, 107, American Mathematical Society, Providence, 2003. 
[22] S. Mac Lane, Homology, Springer- Verlag, 1963. 

[23] A. Masuoka, Freeness of Hopf algebras over coideal subalgebras. Comm. Algebra 20 (1992), 
no. 5, 1353 1373. 

[24] S. Montgomery, Hopf Algebras and Their Actions on Rings, CBMS Conf. Math. Publ. 82, 

Amer. Math. Soc, Providence, 1993. 
[25] V. Ostrik, Cohomological supports for quantum groups, (Russian) Funktsional. Anl. 1 

Prilozhen. 32 (1998), no. 4, 22-34, 95; translation in Funct. Anal. Appl. 32 (1998), no. 

4, 237-246 (1999). 

[26] D. Quillen, The spectrum of an equivariant cohomology ring: I, 77, Ann. Math. 94 (1971), 
549-572, 573-602. 

[27] B. Parshall and J. P. Wang, Cohomology of quantum groups: the quantum dimension, Canad. 
J. Math. 45 (1993), no. 6, 1276-1298. 

[28] S. F. Siegel and S. J. Witherspoon, The Hochschild cohomology ring of a group algebra, 
Proc. London Math. Soe. (3) 79 (1999), 131-157. 

[29] N. Snashall and 0. Solberg, Support varieties and Hochschild cohomology rings, Proc. Lon- 
don Math. Soc. (3) 88 (2004), 705-732. 

[30] A. Suslin, E. Friedlander and C. Bendel, Infinitesimal 1-parameter subgroups and cohomol- 
ogy, J. Amer. Math. Soc. 10 (1997), 693-728. 

[31] A. Suslin, E. Friedlander and C. Bendel, Support varieties for infinitesimal group schemes, 
J. Amer. Math. Soc. 10 (1997), 729-759. 

[32] B. B. Venkov, Cohomology algebras for some classifying spaces, Dokl. Akad. Nauk. SSSR 
127 (1959), 943-944. 

[33] C. A. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Adv. Math. 

38, Cambridge Univ. Press, Cambridge, 1994. 
[34] Y. Zhu, Hopf algebras of prime dimension. Int. Math. Research Notes 1 (1994), 53-59. 

Department of Mathematics, University of Washington, Seattle, WA 98195, 
USA 

E-mail address: julia@math.washington.edu 

Department of Mathematics, Texas A&M University, College Station, TX 77843, 
USA 

E-mail address: sjw@inath.tamu.edu 



